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Abstract
Renormalization plays very important role in studying the dynamics
of quadratic polynomials. We generalize renormalization to polynomials
of higher degree so that many known properties stiu hold for the general-
ized renormalzation. Furthermore, we show that the McMuUen’s result
that any robust infinitely renormalizable quadratic polynomial carries no
invariant line field is also extensible.
1Preliminaries
1.1 Dynamics of rational maps
Let $f$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ be arational map of degree $d\geq 2$ . The Fatou set of $f$ is the set of
all $z\in\hat{\mathbb{C}}$ such that $\{f^{n}\}_{n>0}$ forms anormal family on some neighborhood of $z$ .
The Julia set $J(f)$ is the complement of the Fatou set. When $f$ is apolynomial,
the filled Julia set $K(f)$ is defined by:
$K(f)=$ { $z\in \mathbb{C}|\{f^{n}(z)\}$ is bounded}.
The Julia set is equal to the boundary of $K(f)$ .
Let $C(f)$ be the set of critical points of $f$ . The postcritical set $P(f)$ is the
closure of the union of the forward orbits of critical values of $f$ , that is,
$P(f)=\cup f^{n}(C(f))n>0^{\cdot}$
Lemma 1.1. For every point $x\in J(f)$ whose forward orbit does not intersect
$P(f)$ ,
$||(f^{n})’(x)||arrow\infty$
with respect to the hyperbolic metric on $\hat{\mathbb{C}}\backslash P(f)$ .
See [Mc, Theorem 3.6].
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Lemma 1.2. Any $a$ rational rnap $f$ of degree more than one satisfies one of the
followings:
1. $J(f)=\hat{\mathbb{C}}$ and the action of $f$ on $\hat{\mathbb{C}}$ is ergodic.
$\ell$ . the spherical distance $d(f^{n}(x), P(f))arrow 0$ for alrnost every $x$ in $J(f)$ as
$narrow\infty$ .
See [Mc, Theorem 3.9].
1.2 Polynomial-like maps
Apolynomial-like map is atriple $(f, U, V)$ such that $f$ : $Uarrow V$ is aholomorphic
proper map between disks in $\mathbb{C}$ and $U$ is arelatively compact subset of $V$ . The
filled Julia set $K(f, U, V)$ is defined by
$K(f, U, V)=\cap f^{-n}(V)n=1\infty$
and the Julia set is equal to the boundary of $K(f, U, V)$ . The postcritical set
$P(f, U, V)$ i8 defined similarly as in the case of rational maps.
Every polynomial-like map $(f, U, V)$ of degree $d$ is hybrid equivalent to some
polynomial $g$ of degree $d$. That is, there is aquasiconformal conjugacy $\phi$ from
$f$ to $g$ defined near their respective filled Julia set and satisfies $\overline{\partial}\phi=0$ on
$K(f, U, V)$ .
For $m>0$, let $\mathrm{P}\mathrm{o}1\mathrm{y}_{d}(m)$ be the set of all polynomials of degree $d$ and
all polynomial-like maps of degree $d$ with $\mathrm{m}\mathrm{o}\mathrm{d} (U, V)>m$ . We consider the
Carath&dory topology for the topology of $\mathrm{P}\mathrm{o}1\mathrm{y}_{d}(m)$ .
Then $\mathrm{P}\mathrm{o}1\mathrm{y}_{d}(m)$ is compact up to affine conjugacy. Namely, any sequence
$(f_{n}, U_{n}, V_{n})\in \mathrm{P}\mathrm{o}1\mathrm{y}_{d}(m)$ normalized so $U_{n}\supset\{||z||<r\}$ for some $r>\mathrm{O}$ and
so the Euclidean diameter of $K(f_{n}, U_{n}, V_{n})$ is equal to one, has aconvergent
subsequence [Mc, Theorem 5.8].
Moreover, if $(f, U, V)\in \mathrm{P}\mathrm{o}1\mathrm{y}_{d}(m)$ has no attracting fixed point, then
diam $K(f, U,V)\leq C$ diam $P(f, U, V)$
for some $C$ depends only on $d$ and $m$ in the Euclidean metric [Mc, Corol-
lary 5.10].
The folowing two lemmas are used repeatedly in the next section.
Lemma 1.3. For $:=1,2$ , let $(f_{1}.,U_{1}., V_{1}.)$ be polynomial-like rnaps of degree $d_{:}$ .
Assume $f1=f_{2}=f$ on $U=U_{1}\cap U_{2}$ . Let $U’$ be a component of $U$ with
$U’\subset f(U’)=V’$ .
Then $f$ : $U’arrow V’$ is a polynomial-like map of degree $d \leq\max(d_{1}, d_{2})$ and
$K(f, U’, V’)=K(f1,U_{1}, V_{1})\cap K(f_{2}, U_{2}, V_{2})\cap U’$ .
Moreover, if $d=d_{:}$ , then $K(f,U’, V’)=K$( $f_{*}.,$ $U_{\dot{l}},$ V.$\cdot$ ).
See [Mc, Theorem 5.11].
Lemma 1.4. Let $f$ be a polynornial $w:th$ connected filled Julia set. For any
polynomial-like restriction $(f^{n}, U, V)$ of degree more than one with connected
filled Julia set $K_{n}$ ,
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1. The Julia set of $(f^{n}, U, V)$ is contained in the Julia set of $f$ .
2. For any closed connected set $L\subset K(f),$ $L\cap K_{n}$ is also connected.
See [Mc, Theorem 6.13].
2Renormalization
2.1 Definition of renormalization
Let $f$ be apolynomial of degree $d$ with connected Julia set. Fix acritical point
$c_{0}\in C(f)$ .
Definition. $f^{n}$ is called renorrnalizable about $c_{0}$ if there exist open disks $U,$ $V\subset$
$\mathbb{C}$ satisfying the followings:
1. $c_{0}$ lies in $U$ .
2. $(f^{n}, U, V)$ is apolynomial-like map with connected filled Julia set.
3. For each $c\in C(f)$ , there is at most one $i,$ $0<i\leq n$, such that $c\in f^{:}(U)$ .
4. $n>1$ or $U\not\supset C(f)$ .
Arenormalization is apolynomial-like restriction $(f^{n}, U, V)$ as above. We
call $n$ the period of arenormalization $(f^{n}, U, V)$ .
Note that the degree of arenormalization of $f$ is not greater than $2^{d}$ .
Notation. Let $\rho=(f^{n}, U, V)$ be arenormalization. For $i=1,$ $\ldots,$ $n$ (or $i$ may
be regarded as an element of $\mathbb{Z}/n$),. Let $n(\rho)=n,$ $U(\rho)=U$ and $V(\rho)=V$ .
$\bullet$ The filled Julia set of $\rho$ is denoted by $K(\rho)$ , the Julia set by $J(\rho)$ , and the
postcritical set by $P(\rho)$ .. The $i$ -th small filled Julia set is denoted by $K(\rho,i)=f^{:}(K(\rho))$ and the
$i$ -th small Julia set $J(\rho,i)=f^{:}(J(\rho))$ .
$\bullet$ The $ith$ srnall critical set $C(\rho, i)=K(\rho,i)\cap C(f)$ . Clearly, $C(\rho,i)$ may be
empty for $0<i<n$ (by the definition, $C(\rho,n)$ is nonempty).. $\mathcal{K}(\rho)=\bigcup_{=1}^{n}.\cdot K(\rho,i)$ is the union of the small filled Julia sets. Similarly,
$J( \rho)=\bigcup_{=1}^{n}\dot{.}J(p,i)$ .
@ $\mathrm{C}(\rho)=\bigcup_{=1}^{n}.\cdot C(\rho, i)$ is the set of critical points appeared in arenormaliza-
tion $\rho$ .
$\bullet \mathcal{P}(\rho)=\cup f^{k}(\mathrm{C}(\rho))\subset P(f)\cap \mathcal{K}(\rho)k>0^{\cdot}$
$\bullet$ The $ith$ srnall postcritical set is denoted by
$P(\rho, i)=K(\rho, i)\cap \mathcal{P}(\rho)$ .
65
\bullet Let $V(\rho,:)=f^{:}(U)$ and $U(\rho,:)$ be the component of $f^{:-n}(U)$ contained
in $V(\rho,:)$ . Then $(f^{n}, U(\rho,$ i),$V(\rho,:))$ is polynomial-like of same degree
as $(f^{n},$U, V). Moreover, it is also arenormalization of f if $C(\rho,i)$ is
nonempty.
Let $\rho$ and $\rho’$ be renormalizations. Define an equivalence relation $\sim \mathrm{b}\mathrm{y}$
$\rho\sim\rho’\Leftrightarrow n(\rho)=n(\rho’)$ and $K(\rho)=K(\rho’)$ .
It implies that the dynamics of $\rho$ and $\rho’$ are equal. Let
$\mathcal{R}(f,c_{0})=$ {renormalizations of some iterates of $f$ about $c_{0}$ } $/\sim$ .
and for asubset $C_{R}\subset C(f)$ containing $c_{0}$ ,
$\mathcal{R}(f,c_{0},C_{R})=\{\rho\in \mathcal{R}(f,c_{0})|\mathrm{C}(\rho)=C_{R}\}$ .
We confuse the elements in $\mathcal{R}(f,c_{0})$ with its representation and vrrite like as
$\rho=(f^{n}, U, V)\in \mathcal{R}(f,c_{0})$ .
The following three propositions are easily derived from Lemma 1.3 and
Lemma 1.4.
Proposition 2.1. Suppose teno renorvnalizations $\rho=(f^{n}, U^{1}, V^{1})$ and $\rho’=$
$(f^{n}, U^{2}, V^{2})$ of the same periods satisfy $C(\rho, |.)=C(\rho’$ ,: $)$ for any $i(0\leq:<n)$ .
Then their filled Julia sets are equal.
Proposition 2.2. Let $\rho_{n}=(f^{n},U_{n}, V_{n})$ and $\rho_{m}=(f^{m}, U_{m}, V_{m})\in \mathcal{R}(f,\mathrm{c}_{0})$ .
Then there $e\dot{\alpha}\ell ts\rho\iota=(f^{l}, U_{l}, V_{l})\in \mathcal{R}(f, c_{0})$ with filled Julia set $K(\rho\iota)=$
$K(\rho_{n})\cap K(\rho_{m})$ eohere $l$ is the least common multiple of $n$ and $m$ .
Definition. For $\rho\in \mathcal{R}(f, c_{0})$, the intersecting set $I(\rho)$ is defined by
$I(\rho)=K(\rho)\cap(_{=1}^{n(\rho)-1}.\cdot\cup K(\rho,:))$ .
We say $\rho$ is intersecting if $I(\rho)$ is nonempty.
Although we now define intersecting uset”, it consists of at most one point.
Proposition 2.3. If $\rho=(f^{n}, U, V)\in \mathcal{R}(f, c_{0})$ is intersecting, then $I(\rho)$ con-
sists of only one point which is a repelling fized point of $f^{n}$ .
Although small Julia sets of arenormalization can meet at arepelling peri-
odic point, the period of such point tends to infinity as the period of renormal-
imtion tend8 to infinity.
Theorem 2.4 (High periods). For fued $p>0$ , there are only finitely many
$\rho\in \mathcal{R}(f,c_{0})$ such that $K(\rho)$ contains a periodic point of period $p$ .
Therefore, infinitely renormalzable polynomial $f$ satisfies that the filled Julia
set of renormalization of period sufficiently large does not contain the fixed point
of $f$ . It implies that $\mathcal{K}(\rho)$ is disconnected when $n(\rho)$ i8 sufficiently large.
Since arepelling fixed point separates filled Julia set into finite number of
components, components of $K(\rho)\backslash I(\rho)$ are finite. We say arenormalization is
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sirnple if $K(\rho)\backslash I(\rho)$ is connected, and crossed if it is disconnected. Let $S\mathcal{R}(f,c_{0})$
be the set of all simple renormalzations in $\mathcal{R}(f,c_{0})$ . Similarly, $S\mathcal{R}$ ( $f,c_{0}$ , Cg) is
the set of all $\rho\in S\mathcal{R}(f,c_{0})$ vrith $\mathrm{C}(\rho)=C_{R}$ .
In the next section, we will show any infinitely renormalzable polynomial
has infinitely many simple renormalizations. So simple renormalizations plays
very important role in the case of infinitely renormalzable polynomials.
However, there even exist finitely renormalizable polynomials which is not
simply renormalzable. See [Mc, \S 7.4].
Theorem 2.5. For $C_{R}\subset C(f),$ $\mathrm{s}\mathrm{r}(f, C_{R})$ is totally ordered with respect to
division. Moreover, elements of $S\mathcal{R}(f, c_{0}, C_{R})$ are uniquely determined by their
period and their filled Julia sets form a decreasing sequence.
2.2 Examples
In the last of this section, we present an example of finitely renormalizable




Then $C(f)=\{\pm 1/2\}$ and $\pm 1/2$ are periodic of period 2. Let $W\pm \mathrm{b}\mathrm{e}$ the
Fatou component which contains $\pm 1/2$ . Each of them is superattracting basin
of period 2.
Every renormalization $(f^{n}, U, V)$ must satisfy $U\supset W$-or $W_{+}$ . So $n\leq 2$
and by symmetry, we will consider only the case $U\supset W_{-}$ .
1. Let $K$ be the connected component of the closure of $\bigcup_{n>0}f^{-n}(W_{-})$ which
contains $W$-and let $U_{1}$ be asmall neighborhood of $K$ .
Then $\rho_{1}=(f, U_{1}, f(U_{1}))$ is arenormalization with filled Julia set $K(\rho_{1})=$
$K_{1}$ which is hybrid equivalent to $z\vdasharrow z^{2}-1$ .
2. Let $U_{2}$ be asmall neighborhood of W. Then $\rho_{2,1}=(f^{2}, U_{2}, f^{2}(U_{2}))$ is a
renormalization with filled Julia set $K(\rho_{2,1})=\overline{W_{-}}$, which is hybrid equivalent
to $z\vdasharrow z^{2}$ .
3. Let $K_{2}’$ be the connected component of $\bigcup_{n>0}f^{-2n}(W_{-}\cup W_{+})$ which contains
$W$-and let $U_{2}’$ be asmall neighborhood of $K_{2}’$ .
Then $\rho_{2,2}=(f^{2},$ $U_{2}’,$ $f^{2}(U_{2}’)$ is arenormalization with filled Julia set $K_{2}’$ ,
which is hybrid equivalent to $z\vdash\rangle$ $z^{3}-(3/\sqrt{2})z$ .
4. Let $K_{2}’’$ be the connected component of $\overline{\bigcup_{n>0}f^{-2n}(W_{-}\cup f(W_{+}))}$ which
contains $W$-and let $U_{2}’’$ be asmall neighborhood of $K_{2}’’$ .
Then $\rho_{2,3}=(f^{2}, U_{2}’’, f^{2}(U_{2}’’))$ is arenormalization with filled Julia set $K_{2}’’$
and of degree 4.
Similarly, consider $\overline{\bigcup_{n>0}f^{-2n}(W_{-}\cup f(W_{-})\cup W_{+})}$ and then we can con-
struct apolynomial-like map $(f^{2}, U, V)$ of degree 6. But it is not arenormal-
ization $\mathrm{b}\mathrm{e}\mathrm{c}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{e}-\frac{1}{2}$ is contained in both $U$ and $f(U)$ .
Thus $\mathcal{R}(f, -1/2)=\{\rho_{1},\rho_{2,1},\rho_{2,2},\rho_{2,3}\}$ and $S\mathcal{R}(f, -1/2)=\{\rho_{1},\rho_{2,1}\}$ .
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Figure 1: The Julia set of $f$ .
3Infinite renormalization
3.1 Infinite simple renormalization
For each $\rho\in \mathcal{R}(f,c_{0}, C_{R})$ , we construct asimple renormalization near the com-
ponent of $\mathcal{K}(\rho)$ containing $c_{0}$ by using the Yoccoz puzzle. Then the period
of new simple renormalization is equal to the number of components of $\mathcal{K}(\rho)$ ,
which tends to infinity. So, we have the following:
Theorem 3.1. If $f$ is infinitely renormalizable, then $f$ has infinitely many sim-
$ple$ renormalizations.
More precisely, if $\mathcal{R}(f, c_{0}, C_{R})$ is infinite for some $C_{R}\subset C(f)$ , then there
$eoe\dot{u}h$ some $C_{R}’$ with $C_{R}\subset C_{R}’\subset C(f)$ such that $S\mathcal{R}(f, c_{0}, C_{R})$ is also infinite.
Remark S. $l$. We do not know whether $C_{R}’$ coincide with $C_{R}$ . However, when $f$
is $C_{R}’$-robust infinitely renormalizable, then $C_{R}’$ must be equal to $C_{R}$ .
But if $f$ is robust, $C_{R}’$ must be equal to $C_{R}$ . See Proposition 3.8.
3.2 Robust infinite renormalization
Consider the following assumption for apolynomial $f$ with connected Julia set
and asubset $C_{R}\subset C(f)$ :
$\mathrm{s}\mathrm{r}(f, C_{R})$ is infinite and $f(C_{R})=f(C(f))$ . (1)
Remark $\mathit{9}.S$ . This assumption corresponds to extracting an infinitely renormal-
izable upart” from an infinitely renormalizable polynomial.
More precisely, assume $\#\mathrm{s}\mathrm{r}(f, C_{R})=\infty$. For any $\rho=(f^{n}, U, V)\in S\mathcal{R}(f,c_{0},$ $C$
let $g$ be apolynomial hybrid equivalent to $\rho$ . There exist some 4and $C_{R}’$
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with $c_{0}’\in C_{R}’\subset C(g)$ such that $\mathrm{s}\mathrm{r}(g, C_{R}’)$ is infinite and each element $\rho’$ of
$S\mathcal{R}(g, d_{0}, C_{R}’)$ corresponds to the renormalization in $S\mathcal{R}(f, c_{0}, C_{R})$ with period
$n(\rho’)\cdot n.$ Then we obtain $g(C_{R}’)=g(C(g))$ because the critical points of $\rho$ is
the union of $f^{-:}(C(\rho, i))\cap U$ for $0\leq:<n$ .
We say arenormalization is robust infinitely renormalizable if it is hybrid
equivalent to some robust infinitely renormalzable polynomial.
For each $n\in \mathrm{s}\mathrm{r}(f, C_{R})$, take acorresponding renormalization $\rho_{n}=(f^{n}, U_{n}, V_{n})\in$
$S\mathcal{R}(f, c_{0}, C_{R}).$ Then $\mathcal{P}(\rho_{n})=P(f)$ for any $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ and $\{K(\rho_{n})\}_{n\in \mathrm{s}\mathrm{r}(fc_{R})}$,
forms adecreasing sequence by Theorem 2.5.
Proposition 3.4. Let $f,$ $C_{R}$ and $\rho_{n}$ as above. Then:
1. All periodic points of $f$ are repelling.
2. The filled Julia set of $f$ has no interior.
3. There exist no periodic points in
$n\in \mathrm{s}\mathrm{r}(f,c_{R})\cap \mathcal{K}(\rho_{n})$
.
4. there exist no periodic points in $P(f)$ .
5. For any $n\in \mathrm{s}\mathrm{r}(f, C_{R}),$ $P(f)\cap K(\rho_{n}, i)$ is disjoint frorn $K(\rho_{n},j)$ if $i\neq j$ .
For each $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ , let $\delta_{n}(i)$ be asimple closed curve which separates
$K(\rho_{n},i)$ from $P(f)\backslash P(\rho_{n}, i)$ . Since its homotopy class in $\mathbb{C}\backslash P(f)$ is uniquely
determined, there exists ageodesic $\gamma_{n}(i)$ homotopic to $\delta_{n}(i)$ . Let $\gamma_{n}=\gamma_{n}(n)$ .
These geodesics are simple and mutually disjoint. Furthermore, the hyper-
bolic length $\ell(\gamma_{n}(i))$ of $\gamma_{n}(i)$ are comparable with $\ell(\gamma_{n})$ .
Definition. Suppose apolynomial $f$ and $C_{R}\subset C(f)$ satisfies the condition (1).
We say $f$ is robust if there exists asubset $C_{R}\subset C(f)$ such that $\# S\mathcal{R}(f, C_{R})=$
$\infty,$ $f(C_{R})=f(C(f))$ and
$\lim_{n\in\epsilon r(f},\inf_{C_{R})}\ell(\gamma_{n})<\infty$
where $\ell(\cdot)$ is the hyperbolic length in $\mathbb{C}\backslash P(f)$ .
Theorem 3.5. Suppose $f$ is robust. Then:
1. the postcritical set $P(f)$ is a Cantor set of measure zero.
2.
$\lim_{n\in \mathrm{s}\mathrm{r}(f,c_{R})}$ ($\sup_{1\leq|\leq n}$. diam $P(\rho_{n}, i))=0$ .
3. $f$ : $P(f)arrow P(f)$ is topologically conjugate to $\sigma$ : $\Sigmaarrow\Sigma$ where
$\Sigma=$ proj $\lim$ $\mathbb{Z}/n$
$n\in \mathrm{s}\mathrm{r}(f,C_{R})$
$\sigma((i_{n})_{n\in \mathrm{s}\mathrm{r}(fC_{R})},)=(i_{n}+1)_{n\in \mathrm{s}\mathrm{r}([,C_{R})}$.
Especially, $f|_{P(f)}$ is a homeomorphism.
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Proof. By the collar theorem, there exists the standard colar $A_{n}(i)$ about the
geodesic $\gamma_{n}(:)$ on the hyperbolic surface $\mathbb{C}\backslash P(f)$ . Note that the collar theorem
asserts that these collars are mutually disjoint. Each annulus $A_{n}(:)$ separates
$P(\rho_{n}$ ,: $)$ from the rest of the postcritical set.
Consider asequence of nested annuli $\{A_{n}(:_{n})\}_{n\in\epsilon \mathrm{r}(fC_{R})},$ ’that is, for $m<n$ ,
$A_{n}(:_{n})$ lies in the bounded component of $A_{m}(:_{m})$ . Since $\mathrm{m}\mathrm{o}\mathrm{d} (A_{n}(:_{n}))$ is a
decreasing function of $\ell(\gamma_{n})$ and $\lim\inf\ell(\gamma_{n})$ is finite, the sum
$\sum_{n\in\epsilon \mathrm{r}(;,c_{\hslash})}\mathrm{m}\mathrm{o}\mathrm{d} A_{n}(|.)n$
diverges to infinity. Note that $\ell(\gamma_{n}(:_{n}))<C\ell(\gamma_{n})$ .
Thus the set $F=\cap F_{n}$ is totally disconnected and of measure zero, where
$F_{n}$ be the union of the bounded components of $\mathbb{C}\backslash (\bigcup_{:}A_{n}(:))$ (see [Mc, TheO-
rem 2.16]).
Clearly, $F$ contains $P(f)$ . Furthermore, since each component of $F_{n}$ inter-
sects $P(f)$ , we have $F=P(f)$ . Therefore, the postcritical set has measure
zero.
Each $P(\rho_{n},:)$ lies in asingle component of $F_{n}$ . Since $F$ is totally discon-
nected, the diameter of the largest component of $F_{n}$ tends to zero as $n$ tends to
infinity, and so does $\sup:$ diamP$(\rho_{n}$,: $)$ .
For each $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ , let $\phi_{n}$ : $P(f)arrow \mathbb{Z}/n$ be the map which sends $P(\rho_{n}$ ,: $)$
to : $\mathrm{m}\mathrm{o}\mathrm{d} n$ . These maps induces acontinuous map $\phi:P(f)arrow\Sigma$ .
It is easy to confirm that $\phi$ has desired properties. Since $\Sigma$ is aCantor set,
$P(f)$ i8 also aCantor set. $\square$
Corollary 3.6. Suppose $f$ is robust. Then if $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ is sufficiently large,
$\# C(\rho_{n},:)\leq 1$ for any :.
Proof. Otherwise, we may assume $C(\rho_{n})=\{c_{0}, \ldots c_{r}\}$ for all sufficiently large
$n\in \mathrm{s}\mathrm{r}(f,C_{R})(r\geq 1)$ . Since $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(P(\rho_{n}, 1))$ tends to zero, all $f(c_{j})’ \mathrm{s}$ are equal.
Let $mj$ be the multiplicity of the critical point $cj$ . Then the degree of the
proper map $f$ : $Uarrow U(\rho_{n}, 1)$ i8 equal to $( \sum m_{j})+1$ , but the cardinality of
$f^{-1}(f(c_{0}))$ (counted with multiplicity) is not less than $\sum(mj+1)$ , that is a
contradiction. $\square$
CoroUary 3.7. If f is robust, then $C_{R}\subset P(f)$ .
Proof. Let $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ sufficiently large so that Corollary 3.6 holds. Then
for $c\in C_{R}$ , we have $C(\rho_{n},:)=\{c\}$ for some :. Therefore, the inverse image of
$f(c)$ by the proper map $f$ : $U(\rho_{n},:)arrow f(U(\rho_{n},:))$ consist only of $c$. Since $f$ :
$P(\rho_{n},:)arrow P(\rho_{n},:+1)$ is ahomeomorphism by Theorem 3.5 and $f(c)\in P(f)$ ,
we have $c\in P(f)$ .
$\square$
The next corollary gives an answer of Remark 3.2 in the case of robust
infinitely renormalzable case.
Corollary 3.8. Suppose a renormalization $\rho\in S\mathcal{R}(f,\mathrm{c}_{0},C_{R})$ is robust. Then
every renormalizatian $\rho$ about $c_{0}$ satisfies $\mathrm{C}(\rho)\supset C_{R}$ .
Especially, if $\mathcal{R}(f,c_{0}, C_{R}’)$ is infinite for some $C_{R}’\subset C_{R}$ , then $C_{R}’=C_{R}$ .
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Proof. By Theorem 3.5, $\mathcal{P}(\rho)$ is aCantor set of measure zero and the forward
orbit of $c_{0}$ is dense in P.
Therefore, for any $\rho\in \mathcal{R}(f,c_{0}),$ $\mathcal{K}(\rho)$ must contain $\mathcal{P}(\rho)$ . By Corollary 3.7,
$\mathcal{K}(\rho)\supset C_{R}$ . $\square$
Figure 2: The Julia set of $h(z)=z^{2}$ -1.401155189. . . $h$ is infinitely renormal-
izable with $\mathrm{s}\mathrm{r}(h, \{0\})=\{3^{n}\}$ .
Figure 3: The Julia set of $g(z)=-z^{3}-3c^{2}z$ and $f=-g$, where $c=$
0.87602957776. .. $g$ is constructed by the intertwining surgery (see [EY]) from
two $h’ \mathrm{s}$ . $f$ is infinitely renormalizable and each renormalization has degree 4.
4Robust rigidity
In the rest of the paper, we will prove the main theorem, which is the following.
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Theorem 4.1 (Robust rigidity). A robust infinitely renormalizable polynO-
mial carries no invariant line field on its Julia set.
Since hybrid equivalence preserves invariant line field on the Julia set, we
can easily apply the result to polynomials whose dynamics on its Julia set is
essentially robust infinitely renormalizable.
For example,
Corollary 4.2. Let f be a polynomial of degree d $\geq 2$ . Suppose every critical
point c $\in C(f)$ satisfies one of the followings:
1. c is preperiodic.
$\ell$. the forenard orbit of $c$ tends to an attracting cyde.
S. there ezists some robust infinitely renormalizable renormalization $\rho$ (see
Remark S. $S$) and $n>\mathrm{O}$ such that $f^{n}(c)$ lies in $J(\rho)$ and the forward orbit
of $c$ does not accumulate to $I(\rho)$ .
Then $f$ carries no invariant line field on its Julia set.
The corollary is an easy consequence of Theorem 4.1 and the following
lemma:
Lemma 4.3. Let $f$ be a polynomial of degree $d\geq 2$ . Suppose there enist simple
renorvnalizationa $\rho_{1},$ $\ldots,\rho_{J}$ such that $\mathcal{P}(\rho j)$ ’s are paireryise disjoint and every
critical point $c\in C(f)$ satisfies one of the followings:
1. c is preperiodic.
$p$ . the foreryard orbit of $c$ tends to an attracting cycle.
S. there exist $n>\mathrm{O}$ and $j$ such that $f^{n}(c)$ lies in $K(\rho_{j})$ and the foreoard orbit
of $c$ does not accumulate to $I(\rho)$ .
Then almost every $x$ in $J(f)$ eventually mapped $onto\cup K(\rho_{j})$ by $f$ .
Proof. By Lemma 1.2, the Euclidean distance $d(f^{n}(x), P(f))$ tends to 0for
almost every $x\in J(f)$ . Now we consider such $x\in J(f)$ . Since there exist only
countably many eventually periodic points, we may assume $x$ i8 not eventually
periodic.
For any $\epsilon>0$ , there exists $N>\mathrm{O}$ and $j$ such that $d(f^{N}(x),P(\rho_{j}))<\epsilon$ and
$d(f^{n}(x),P(f))<\epsilon$ for any $n\geq N$ .
When $\epsilon$ i8 sufficiently small, it implies that $d(f^{n}(x), P(\rho j,n-N))<\epsilon$ for
any $n>N$ . Thus $f^{N}(x)$ lies in $K(\rho_{j})$ . $\square$
Proof of Theorem 4.2. By the assumption, there exists robust infinitely renor-
malizable renormalizations $\rho_{1},$ $\ldots,$ $\rho_{J}$ satisfies the assumption of Lemma 4.3.
Note that by Corollary 3.8, $C(\rho_{j})’ \mathrm{s}$ are pairwise disjoint and if $\mathcal{P}(\rho:)\cap \mathcal{P}(\rho_{j})$ is





has full measure in $J(f)$ .
By Theorem 4.1, f carries no invariant line field on E and so does on $J(f)$ .
$\square$
In the rest of this section, we state the outline of the proof of Theorem 4.1.
The proof is based on the McMuUen’s proof in the quadratic case [Mc].
The proof is divided into two cases, whether $L= \lim\inf\ell(\gamma_{n})$ is zero or
positive. However, both proofs goes very similarly. We pass to asubsequence
in $\mathrm{s}\mathrm{r}(f, C_{R})$ so that after properly rescaling, $f^{n}$ converge to some proper map
$f_{\propto}:$ $Uarrow V$ if we restricted $f^{n}$ on some neighborhood of the small postcritical
set $P(\rho_{n})$ . (We use some proper map $f^{n}$ : $X_{n}arrow \mathrm{Y}_{n}$ constructed from $\rho_{n}\in$
$S\mathcal{R}(f, c_{0}, C_{R})$ to obtain good estimates. Only when the case $L$ is sufficiently
small, they are polynomial-like.)
Now suppose $f$ carries an invariant line field $\mu$ on its Julia set. We will
construct a $g$-invariant univalent line field $\nu$ on $V$ . Then it is acontradiction
because $U\cap V$ contains acritical point of $g$ .
To construct $\nu$ , we will use the following two lemmas:
Lemma 4.4. Suppose holornorphic maps $f_{n}$ : $(U_{n},u_{n})arrow(V_{n}, v_{n})$ between disks
converge to some non-constant rnap $f$ : $(U,u)arrow(V,v)$ in the Carathiodory
topoloyy.
If $f_{n}$ -invariant line field $\mu_{n}$ converges in measure to some line field $\mu$ , then
$\mu$ is f-invariant.
See [Mc, Theorem 5.14].
Lemma 4.5. Suppose a measurable line field $\mu$ on $\mathbb{C}$ is almost continuous at
a point $x$ and $|\mu(x)|=1$ . Let $(V_{n}, v_{n})arrow(V, v)$ be a convergence sequence of
pointed disks, and let $h_{n}$ : $V_{n}arrow \mathbb{C}$ be a sequence of univalent maps. Suppose
$h_{n}’(v_{n})arrow 0$ and
$\sup\frac{|x-h_{n}(v_{n})|}{|h_{n}’(v_{n})|}<\infty$.
Then there exists a subsequence such that $h_{n}^{*}(\mu)$ converges in rneasure to a uni-
valent line field on $V$ .
See [Mc, Theorem 5.16].
We take apoint $x\in J(f)$ having good properties and for infinitely many
$n\in \mathrm{s}\mathrm{r}(f, C_{R})$ , and take an inverse branch $h_{n}$ of $f^{k}$ fo$\mathrm{r}$ some $k$ which sends some
neighborhood of the small postcritical set univalently near $x$ .
Then $h_{n}^{*}(\mu)=\mu$ by $f$-invariance, so $h_{n}^{*}(\mu)$ is $f^{n}$-invariant line field on Y.
We apply Lemma 4.5 and obtain aunivalent line field $\mu$ on $V$ . By Lemma 4.4,
$\mu$ is $f_{\infty}$ -invariant.
However, since $f_{\infty}$ has acritical point $c$ in $U\cap V,$ $\mu(c)$ must be equal to
zero, and it is acontradiction.
Many estimates in McMullen’s proof can be applied similarly to our case.
However, the main difficulty is to avoid critical points of $f$ . For example, we
will construct univalent maps $h_{n}$ by choosing an inverse branch of iterates of




Now we will give the proof of Theorem 4.1. For simplicity, we consider only the
case $\lim\inf\ell(\gamma_{n})$ is sufficiently small. We use the same notations as in Section
3.
We say arenormalzation $(f^{n}, U_{n}, V_{n})$ is unbranched if $V_{n}\cap P(f)=P_{n}$ .
Lemma 5.1. There ezists some $L>0$ (depends only on $d$) which satisfies the
folloeoing:
If $\ell(\gamma_{n})<L$ , then eve can take an unbranched representation $(f^{n}, U_{n}, V_{n})$ of
$\rho_{n}$ with $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}, V_{n})>m(\ell(\gamma_{n}))$ where $m(\ell)$ is a positive function which tends
to infinity as $\ellarrow 0$ .
Proof. Let $A_{n}$ be the standard colar of $\gamma_{n}$ in $\mathbb{C}\backslash P(f)$ and let $B_{n}$ be the
component of $f^{-n}(A_{n})$ which has the same homotopy class in $\mathbb{C}\backslash P(f)$ . Let
$D_{n}$ (resp. $E_{n}$ ) be the union of $B_{n}$ (resp. $A_{n}$ ) and the bounded component of
C) $B_{n}$ (resp. $\mathbb{C}\backslash A_{n}$). Then $f^{n}$ : $D_{n}arrow E_{n}$ is aproper criticaly compact map.
Then there exists some $M>\mathrm{O}$ such that if $\mathrm{m}\mathrm{o}\mathrm{d}(P(\rho_{n}), E_{n})>M$ then we
can take $U_{n}’\subset D_{n}$ and $V_{n}’\subset E_{n}$ as follows: $(f^{n}, U_{n}’, V_{n}’)$ is arenormalization
and $\mathrm{m}\mathrm{o}\mathrm{d}(U_{n}’, V_{n}’)>m(\mathrm{m}\mathrm{o}\mathrm{d} (P(\rho_{n}),E_{n}))$ (see [Mc, Theorem 5.12]). Since $E_{n}$ rl
$P(f)=P(\rho_{n}),$ $(f^{n}, U_{n}’, V_{n}’)$ is unbranched.
Since $\mathrm{m}\mathrm{o}\mathrm{d} (P(\rho_{n}),E_{n})\geq \mathrm{m}\mathrm{o}\mathrm{d} A_{n}$, there exists some $L>\mathrm{O}$ such that if
$\ell(\gamma_{n})<L$ then we can take an unbranched renormalzation $(f^{n}, U_{n}’, V_{n}’)$ with
$\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}’, V_{n}’)>m(\ell(\gamma_{n}))$ . $\square$
Therefore, we will prove the following:
Theorem 5.2 (Polynomial-like rigidity). Let $f$ as above. Suppose there ex-
iata some $m>\mathrm{O}$ such that $(f^{n}, U_{n}, V_{n})$ is unbranched voith $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}, V_{n})>m$
for infinitely many $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ .
Then $f$ carries no invariant line field on its Julia set.
Corollary 5.3 (Thin rigidity). Let $f$ as above. There eists some $L>0$
such that
$\lim_{n\in \mathrm{s}\mathrm{r}\mathrm{t}f},\inf_{G_{R})}\ell(\gamma_{n})<L$
Then fcarries no invariant line field on its Julia set.
Lemma 5.4. Assume an unbranched renormalization $(f^{n}, U_{n}, V_{n})$ satisfies $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}$ ,
$m>0$ . Let $E$ be a component of $f^{-1}(J(\rho_{n}, i))$ that is not $J(\rho_{n},:-1)$ .
Then in the hyperbolic metric on $\mathbb{C}\backslash P(f)$ , the diameter of $E$ is bounded in
terms of $m$ .
Note that $E$ does not intersects $P(f)$ because $P(f)\subset J_{n}$ .
Proof. Since $\mathrm{m}\mathrm{o}\mathrm{d} (J(\rho_{n}), V_{n})>\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}, V_{n})>m,$ $\mathrm{m}\mathrm{o}\mathrm{d} (J(\rho_{n},:), V_{n}(\rho_{n},:))$ is
greater than $m/2^{d}$ .
Let $W$ be the component of $f^{-1}(V(\rho_{n},i))$ which contains $E$. Then $f$ : $Warrow$
$V(\rho_{n},i)$ is abranched cover of degree less than $d$. Note that all critical points
of this map lie in $E$. Hence $\mathrm{m}\mathrm{o}\mathrm{d} (E, W)$ is greater than $m/(2^{d}d)$ .
Therefore, the diameter of $E$ with respect to the hyperbolic metric on $W$ is
bounded in terms of $m$ . By the Schwarz-Pick lemma, the hyperbolic diameter
of $E$ on $\mathbb{C}\backslash P(f)$ is also bounded. $\square$
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Lemma 5.5. Suppose there eni\epsilon ts some m $>\mathrm{O}$ such that for infinitely many
n $\in \mathrm{s}\mathrm{r}(f, C_{R}),$ $(f^{n}, U_{n}, V_{n})$ is unbrvgnched enith mod$(U_{n}, V_{n})>m$ .
Then f is robust and
$P(f)= \bigcap_{c_{R}},J(\rho_{n})n\in \mathrm{s}\mathrm{r}(f\mathrm{I}^{\cdot}$
Proof. For $n\in \mathrm{s}\mathrm{r}(f, C_{R})$ with $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}, V_{n})>m$ , let $A_{n}$ be an annulus in $V_{n}\backslash U_{n}$
enclosing $K(\rho_{n})$ with $\mathrm{m}\mathrm{o}\mathrm{d} A_{n}>m$ .
Then the hyperbolic length in $A_{n}$ of the core curve of $A_{n}$ is less than $\pi/m$ .
Since the core curve of $A_{n}$ is homotopic to $\gamma_{n}$ in $\mathbb{C}\backslash P(f),$ $\ell(\gamma_{n})$ is also less than
$\pi/m$ by the Schwarz-pick lemma. Therefore, $f$ is robust.
By Theorem 3.5, the postcritical set is aCantor set of measure zero and
$\sup$:diam $P(\rho_{n},i)arrow \mathrm{O}$ . Since $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}, V_{n})>m$ , we have diam $J(\rho_{n},:)<$
$C$ diam $P(\rho_{n}$ ,: $)$ for some $C$ which depends only on $m$ and $d$. Thus $\sup$ diam $J(\rho_{n},i)arrow$
$0$ as well. Since $J(\rho_{n},i)$ intersects $P(f)$ , the theorem follows. Cl
Lemma 5.6. Under the same assumption as Lemma 5.5, almost every x $\in J(f)$
satisfies the following:
1. The forwarvl orbit of x does not intersects $P(f)$ .
2. $||(f^{n})’(x)||arrow \mathrm{o}\mathrm{o}$ with respect to the hyperbolic metric on $\mathbb{C}\backslash P(f)$ .
3. For each n $\in \mathrm{s}\mathrm{r}(f, C_{R})$ , there exists some k $>\mathrm{O}$ such that $f^{k}(x)\in J(\rho_{n})$ .
4. For each k $>0$ , there exists sorne n $\in \mathrm{s}\mathrm{r}(f, C_{R})$ such that $f^{k}(x)\not\in J(\rho_{n})$ .
Proof. Since $P(f)$ is measure zero, so is $\cup f^{-k}(P(f))$ , which implies 1.
2. follows from Lemma 1.1.
By Lemma 1.2, $d(f^{k}(x), P(f))arrow 0$ for almost every $x\in J(f)$ . Since $P(f)=$
$\cup P(\rho_{n},i)$ , if $f^{k}(x)$ is sufficiently close to $P_{n}(i)$ , then $f^{k+1}(x)$ must be close to
$P(\rho_{n},\mathrm{i}11)$ (note that $P(f)\cap I(\rho_{n})=\emptyset$).
Therefore, $f^{k+nj-:}(x)$ lies in $U_{n}$ for all $j>0$ . However, this means that
$f^{k+n-:}(x)\in J(\rho_{n})$ , so we proved $S$.
By Lemma 5.5, $\mathrm{a}\mathrm{r}\mathrm{e}\mathrm{a}(J(\rho_{n}))$ tends to zero. Therefore, $\bigcap_{n}f^{-k}(J(\rho_{n}))$ is
measure zero for any $k$ and we have now proved 4. $[]$
We now prove Theorem 5.2.
Proof of Theorem 5.2. Let
$\mathrm{u}\mathrm{s}\mathrm{r}(f, C_{R},m)=$ { $n\in \mathrm{s}\mathrm{r}(f,$ $C_{R})|\rho_{n}$ is unbranched and $\mathrm{m}\mathrm{o}\mathrm{d} (U_{n},$ $V_{n})>m$ }.
Suppose $\#\mathrm{u}\mathrm{s}\mathrm{r}(f, C_{R}, m)=\infty$ and there exists an $f$-invariant line field $\sup$
ported on $E\subset J(f)$ of positive Lebesgue measure.
Fix apoint $x\in E$ which satisfies the conditions in Lemma 5.6 and where
$\mu$ is almost continuous. For each $n\in \mathrm{u}\mathrm{s}\mathrm{r}(f, C_{R}, m)$ , let $k(n)>0$ be the
smffiest number which satisfies $f^{k(n)+1}(x)\in J(\rho_{n})$ and assume $f^{\overline{k}(n)+1}(x)\in$
$J(\rho_{n},i(n)+1)$ . Note that $k(n)arrow\infty$ .
Let $n_{0}= \min \mathrm{u}\mathrm{s}\mathrm{r}(f, C_{R},m)$ . Consider sufficiently large $n\in \mathrm{u}s\mathrm{r}(f, C_{R}, m)$ go
that $k(n)>k(n_{0})$ . Especially, $k(n)$ is positive so $f^{k(n)}(x)$ does not lie in $J(\rho_{n})$ .
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Therefore, $f^{k(n)}(x)$ lies in acomponent $E$ of $f^{-1}(J(\rho_{n},i(n)+1))$ , which is
not equal to $J(\rho_{n},i(n))$ . But since $k(n)>k(n_{0})$ , we have $f^{k(n)}(x)\in J(\rho_{n_{0}})$ .
Hence $E$ lies in $J(\rho_{n_{\mathrm{O}}})$ and does not contain any critical points.
By Lemma 5.4, the hyperbolic diameter of $E$ in $\mathbb{C}\backslash P(f)$ is bounded in terms
of $m$ . Moreover, there exists aunivalent branch $\tilde{h}_{n}$ of $f^{-k(n)-1}$ on $V(\rho_{n},i(n)+1)$
which sends $f^{k(n)+1}(x)$ to $x$ .
Take $j(n)$ so that $:(n)<j(n)\leq n,$ $C(\rho_{n},j(n))$ is nonempty, and there exists
aunivalent inverse branch
$V(\rho_{n},j(n))arrow V(\rho_{n},j(n)-1)f^{-1}arrow f^{-1}$ .. . $arrow V(\rho_{n}f^{-1},:(n)+1)$ .




with respect to the hyperbolic metric on $\mathbb{C}\backslash P(f)$ by Koebe distortion theorem.
There exists some $c\in C_{R}$ , such that for infinitely many $n\in \mathrm{u}\mathrm{s}\mathrm{r}(f, C_{R}, m)$ ,
$c$ lies in $J(\rho_{n},j(n))$ . Furthermore,
$(f^{n}, U_{n}(j(’ l)),$ $V_{n}(j(n)))$
is also unbranched and satisfies
$\mathrm{m}\mathrm{o}\mathrm{d} (U_{n}(j(n)), V_{n}(j(ri)))>m/2^{d}$ .
Hence by replacing $c_{0},$ $m,$ $U_{n}$ and $V_{n}$ with $c,$ $m/2^{d},$ $U_{n}(j(n))$ and $V_{n}(j(n))$
respectively, we may suppose $j(n)=n$ for infinitely many $n\in \mathrm{u}8\mathrm{r}(f,C_{R},m)$ .






is apolynomial-like map with diam(J$(g_{n})$ ) $=1$ and $\mathrm{m}\mathrm{o}\mathrm{d}(A_{n}(U_{n}), A_{n}(V_{n}))>m$ .
After passing to asubsequence, $g_{n}$ converges to some polynomial-like map (or
polynomial) $(g, U,V)$ with $\mathrm{m}\mathrm{o}\mathrm{d} (U, V)\geq m$ in the Carathidory topology.
Let $k_{n}=h_{n}\mathrm{o}A_{n}^{-1}$ defined on $A_{n}(V_{n})$ . Then $k_{n}(y_{n})=x$ and $\nu_{n}=k_{n}^{*}(\mu)$ is $g_{n^{-}}$
invariant line field on $A_{n}(V_{n})$ . Since diam(J$(g_{n})$ ) $=1$ , while diam(kJJ$(g_{n})$ ) $)=$
diam(J,:) $arrow 0,$ $k_{n}’(y_{n})arrow 0$ by Koebe distortion theorem.
$y_{n}$ lies in $J(g_{n})$ and $J(g_{n})$ is surrounded by an annulus of definite modulus.
Hence after passing to afurther subsequence, $y_{n}$ converges to some $y\in V$ .
By Lemma 4.5, there exists afurther subsequence such that $\mu_{n}$ converges to
aunivalent line field $\mu$ on $V$ .
The critical point 0lies in $J(g)\subset U\cap V$ . However, it contradicts the fact
that the univalent line field $\mu$ is $g$-invariant by Lemma 4.4.
Therefore, $f$ carries no invariant line field on it8 Julia set. Cl
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